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ABSTRACT 

The equations describing a plasma i n  loca l  thermodynamic 

equilibrium are presented and applied t o  a conventional shock 

tube. 

these equations give the  number dens i t ies  of the atoms, 

molecules, ions and electrons tha t  make up the plasma. 

If conditions of l o c a l  thermodynamic equilibrium exis t ,  

For prac t ica l  r e su l t s  an ef fec t ive  i te ra t ion  scheme i s  

presented for  the  computer solution of such equations. 



I .  Introduction 

One of the fundamental problems of astrophysics is  the  

determination of absolute absorption coefficients and osc i l la tor  

strengths of atomic and molecular systems. For a l l  molecular 

and a l l  but the simplest of atomic systems w e  m u s t  r e ly  on 

the experimental determination of these values. Toward the 

solution of many of these problems a shock tube may be used 

successfully. One particular advantage of shock tubes is  the 

high temperature a t  which the  experiment may be performed. The 

most important advantage, however, is that  shock tubes produce 

a volume of gas that  is usually i n  local thermodynamic equi- 

librium (LTE) , a fact  allowing an experimenter t o  determine 

more or less precisely the number of e m i t t e r s  or absorbers in  

the l i n e  of sight. This report w i l l  exhibi t  those equations 

describing the s i tuat ion of thermodynamic equilibrium which 

predict the equilibrium number densities of the various chemi- 

c a l  species present. A practical  method of solution w i l l  

be explained. 

The equilibrium theory is valid for a l l  pract ical  ranges 

of temperature and pressure, subject t o  certain steady s t a t e  

and relaxation arguments, The relaxation time, i n  conjunction 

with the specific design of the shock tube, w i l l  d ic ta te  the 

range of thermodynamic parameters over which experiments may 
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be performed. Thus, when we are forced t o  l i m i t  our discussion 

t o  specifics, w e  w i l l  be directing our a t tent ion t o  those con- 

d i t ions  found i n  the  reflected shock produced in  a conventional 

tube  i n  the laboratory. I n  such tubes, one has a low molecular 

weight gas a t  high pressure separated by a diaphragm from a 

high molecular weight i ne r t  gas a t  low pressure. Usually a 

s m a l l  percentage of the  atom or molecule i n  question has been 

mixed with the  ine r t  gas. When the diaphragm is broken, a 

shock t rave ls  down through the low pressure gas and reflects 

back from the  end of the tube. The  conditions behind t h i s  

ref lected shock are steady over a few hundred microseconds and 

a l l  measurements are made i n  or through the  gas behind the  

ref lected shock. 

(1963) for  a more complete description of reflected shock 

The reader is referred t o  Gaydon and Hurle 

techniques. I n  short ,  w e  are addressing our primary at tent ion 

t o  a uniform volume of gas  characterized by the following ranges 

of parameters: 

Delay a f t e r  shock: b 100 pee  (1) 

Temperature: 3500 - 7500°K (2) 

Total par t ic le  density: 5 x lo1* - 1 0 2 0 ~ - - 3  (3) 

A t  lower temperatures and densi t ies ,  many molecular systems may 

not have had time t o  re lax  within the  allowed t i m e .  Higher 

temperatures and dens i t ies  are  more or  less limited by the 
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experimental technique. Finally, the particular method of 

solution discussed in this paper becomes less efficient beyond 

both the upper and lower limits of the above thermodynamic 

parameters . 

11. Equilibrium Relations 

Consider a uniform volume of gas in complete thermodynamic 

equilibrium. We will make the assumption that the gas is an 

ideal one such that 

p = N k T  , (4) 

where p is the pressure, N is the total number of particles per 

unit volume, k is Boltmann's constant, and T is the absolute 

temperature (OK). The assumption of an ideal gas is quite 

reasonable because of the restrictions imposed by relations 

(2) and (3). It can be shown, for  instance, that coulomb effects 

on the pressure are negligible. We let the gas be composed of 

various atomic and molecular species that may react chemically 

with each other in equilibrium. Such interactions may involve 

the simple dissociation-recombination of species A and By 

A + B i A B .  

Of course one may postulate more complicated chemical inter- 

actions such as 

AB + C D L -  AC + BD 
or 

A + B + C L A B C  
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b u t  these can ultimately be expressed i n  the forms of simple 

dissociation-recombination reactions, v i z . ,  

(AB) + (CD) L (ABCD) L (AC) + (BD) 

(A + B) + C = ( A X )  . 
I n  the  ident ica l  framework we can consider ionization-recombina- 

t i on  processes: 

A + + ~ = A  . 
S t a t i s t i c a l  mechanics (e.g., Fowler and Guggenheim, 1952) 

provides the fundamental re la t ions from which a l l  chemical 

equi l ibr ia  may be calculated. 

A o r  B may be an atom, molecule, ion or electron) i n  equilibrium 

with their campound AB, the  number densi t ies  n n and n 

of species A, B, and AB are related by 

A B - - * A ~ B  

AB QAB 

For any species A and B (where 

AB A’ B 

n n  

n 
(5) - -  

where Q 

A, etc. 

sum, over a l l  discrete  and continuous energy s t a t e s ,  of the 

probabili ty of finding the molecule in  each state (molecule i s  

used here in  the general sense) .  

normalization factor  for  the ways of dis t r ibut ing the energy i n  

the  s ta tes .  Classical  statist ics,  which apply t o  a l l  par t ic les  

of present in te res t  i n  normal ranges of temperature and pressure, 

i s  the par t i t ion  function, or s t a t e  sum, of species 

I n  a l l  cases the par t i t ion  function is  simply a weighted 

A 

It may be thought of as a 
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give the par t i t ion  function as - 
Q = Z gie - E ~ / ~ T  

a l l  levels 

where g 

energy of the ith leve l  above the  reference level. 

is  the  s t a t i s t i c a l  weight of level  i, and Ei is the  

Equation 

i 

(6) is applicable t o  any molecule, but i t s  detai led calculation 

is  i n  general prohibit ively d i f f i c u l t .  For any sor t  of prac- 

t i c a l  application, the calculation of the par t i t ion  function 

m u s t  be broken down and simplified. 

With the  assumption of a perfect gas w e  may introduce an 

immediate simplification t o  equation (6). As the  individual 

pa r t i c l e s  do not in te rac t  with each other,  except for  short- 

term col l i s ions ,  the internal  energy of the molecule w i l l  be 

essent ia l ly  decoupled from the  external,  or  k ine t ic  energy of 

the  molecule. The par t i t ion  function is  then writ ten 

external internal  
is  sometimes cal led the t rans la t iona l  par t i t ion  function 

and is readi ly  evaluated from elementary quantum mechanics by 

Qext 

considering the  c l a s s i ca l  problem of the  pa r t i c l e  i n  the box. 

Detai ls  may be found in  Morse (1964) - The resu l t  is a familiar 
9 

one : Qext = (  aM$T)a 
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w h e r e  M is the mass of the  molecule, k is Boltzmann's constant, 

and h is  Planck's constant, 

Except for  the case of simple atoms, the evaluation of 

remains a d i f f i c u l t y ,  The standard procedure for  non- *int 

monatomic molecules is, first of a l l ,  t o  invoke the Born- 

Oppenheimer approximation (1927), which allows one t o  neglect 

the electrons when sonsiderirq the reiiainin5 degrees of freedon 

of the  molecule. I n  other words, the Born-Oppenheimer approxi- 

mation permi ts  the separation of the molecular wave function, 

w h e r e  Tl represents the coordinates of the two  nuclei and 5 

represents electron coordinates,* The  next approximathn is 

the assumption of the separabili ty of the modes of the nuclei  

such 

T h i s  

tha t  

Qnuclei ( T I  = 

approximat ion requires t reat ing a pure vibration and a 

r ig id  rotation independently, 

energy contributions of the  various modes are simply additive: 

I n  these approximations the 

- 
Ein t  - Evib + Erot + Eelec , ( 11) 

* 

by the electronic s t ructure .  

Note, however tha t  $nuclei i s  i n  fac t  determined primarily 
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and the in te rna l  pa r t i t i on  function is the corresponding product: 

*int - Qvib Qrot [diatomic and poly- (12)  - 
Qelec atomic molecules 1 . 

Toward higher temperatures the va l id i ty  of equation (10) begins 

t o  break down and the system is  better t reated as an anharmoni- 

ca l ly  vibrating rotator  (see Mayer and Mayer, 1940) . For diatomic 

molecules the  ro t a t iona lv ib ra t iona l  par t  of the par t i t ion  

function can be evaluated f o r  the anharmonic osc i l la tor  (and i f  

necessary, fo r  the non-rigid rotator)  without the simplification 

of equation (10): and a discussion of t h i s  is presented i n  the 

Appendix. For many problems the simpler approximations are 

adequate, and we continue t h e  development from tha t  point of 

view with its extensions t o  polyatomic molecules. 

The nuclear spins of the atoms comprising a molecule each 

contribute a constant factor (2Snuc + 1) t o  the s t a t i s t i c a l  

weight, and t h i s  same degeneracy i s  retained as the atoms form 

a molecule, so long as the atoms are distinguishable (i.e.,  the 

molecule is  heteronuclear). For such cases, these contributions 

obviously cancel i n  equation (5) , and they need not be carried 

through the analysis for  evaluation. However, for  molecules 

containing indistinguishable component atoms the nuc lear  spins 

play an additional, more complicated ro le  tha t  restricts the 

rotat ional  eigenvalues. T h i s  i n  turn is  manifested i n  QrOty 
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the  ro ta t iona l  par t i t ion  fmction (see Fowler and Guggenheim, 

1952). 

The ro ta t iona l  par t i t ion  function, 

- E ~ / ~ T  

rot .  levels  
= C g i e  

1 Qrot 

can be evaluated with the assumption tha t  the  molecule i s  a 

r ig id  ro ta tor  (see Pauling and Wilson, 1935). For a hetero- 

nuclear diatomic molecule the energy eigenvalues are  given by 

h2 [diatomic , EJ = J (J + L) m2 heteronuc le a r  1 wr: 
where J is  the  ro ta t iona l  quantum number, and r 

b r i m  separation between the two nuclei ,  evaluated for  the lowest 

is the equi l i -  e 

vibrat ional  level of the ground electronic  s ta te .  H e r e  

c L =  MA % 
M + MB A 

is the reduced mass, M 

ponent nuclei. Each level ,  E has a s t a t i s t i c a l  weight (25 + 1). 

we  can immediately generalize equation (14) t o  include polyatomic 

and % being the masses of the com- 
A 

J’ 

linear molecules by identifying pr2 with the  transverse moment e 

. Then equation (13) leads t o  
I A  

of iner t ia ,  

-J(J + 1) h2/8rr21AkT [ l inear ,  (16) 
heteronuclear 1 ( 2 5  + 1) e 

For shock tube temperatures a d i rec t  summation is  unreasonable 

as  w e l l  as unnecessary, and equation (16) may instead be 

evaluated by an asymptotic series (see Herzberg, 1945) or by 
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simply replacing the  sum by an in tegra l  over J. I n  e i the r  case 

the resu l t  is  the same and is equal t o  the  r e s u l t  one obtains 

from c lass ica l  s t a t i s t i c s :  

(17) 
- - 0v IAkT [ l inear  , 

het eronuclear 3 h2 Qrot 

For a diatomic homonuclear molecule the summation i n  equation . 

(16) must o m i t  every other J-value because of symmetry require- 

ments: and while the de ta i l s  of which J-values are t o  be omitted 

depend on the value of the nuclear spin, the  difference is  

purely an academic one a t  high temperatures, w i t h  the r e s u l t  

i n  e i ther  case being a factor of two i n  Q W e  can thus r o t  * 

generalize equation (17) t o  apply t o  a l l  l inear  molecules: 

J (18) 
- - 8rr21AkT [ l inear]  

oh2 

where u, the symmetry factor ,  i s  the  number of indistinguishable 

Qrot  

or ientat ions of the molecule. Unfortunately, attempts t o  cal-  

cu la te  the Q for  non-linear polyatomic molecules i n  the 

same manner, as developed i n  equations (14) through (18) , are 

r o t  

not successful, because there are no expl ic i t  formulae for  the 

energy leve ls  (Herzberg, 1945). H o w e v e r ,  because of the  high 

shock tube  temperature, w e  are w e l l  j u s t i f i ed  in  simply adopting 

the c lass ica l  r e s u l t  (see Mayer and Mayer, 1940) : 

2TIAIBIc (kT)3 , [non-linear] 16T3 - - .  - 
Qrot ah3 
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and I are  the principal moments  of i ne r t i a ,  and 
*I3 C 

where IA, 

o is the symmetry number defined above. The moments of i n e r t i a  

are deduced from spectroscopic data. 

The  vibrational par t i t ion  function 

= 1 g . ~ ~ i f i ~  
vib, levels  

Qvib 1 
= 1 g . ~ ~ i f i ~  

vib, levels  
Qvib 1 

can be eas i ly  evaluated i f  w e  assume the molecules t o  behave 

as a simple harmonic osc i l la tor .  Again, the problem is one 

from elementary quantum mechanics. The energy eigenvalues are 

given by 

E = hcut (V + *) v = 0, 1, 2 ...., 
V 

w h e r e  c is  the velocity of l ight  and w is  the fundamental 

vibration frequency of the  molecule in  its ground electronic 

s t a t e .  w is  obtained experimentally from spectroscopic data. 

Since the s t a t i s t i c a l  w e i g h t  of a l l  levels  is unity, the 

vibrational par t i t ion  function for  diatomic molecules is 

given by 
-hcw/kT )-’ 

= ( 1 - e  [diatomic] (22) 

Note tha t  i n  writing the vibrational energy i n  t h i s  fashion we 

have a r b i t r a r i l y  set the zero energy of the molecule a t  the  

lowest vibrational level rather than the minimum of the  

vibrational potent ia l  well. Equation (22) applies only t o  

diatomic molecules. For a polyatomic molecule , the calculation 



of t he  vibrational pa r t i t i on  function is a more amplicated 

process. The  common procedure is  t o  assume tha t  each mode of 

vibration is decoupled from the other, and tha t  therefore the 

t o t a l  pa r t i t i on  function is given by the products of individual 

vibrational par t i t ion  functions. T h i s  is expressed generally as 

where n is the number of atcnns i n  the molecule, and x is 5 for  

l inear  molecules and 6 for  non-linear molecules. Mathematically, 

equation (22) can be considered a special  case of (23). 

The electronic par t i t ion function 

- E ~ / ~ T  
Q,lec = G gie 

elec. levels  

i s  evaluated by considering the  levels  canibined in  spectroscopic 

te.rms. The term energies are obtained experimentally and are 

completely similar t o  atomic terms, with the convention tha t  

the term energy is evaluated fo r  t he  v = 0 vibrational level.  

T h e  evaluation of the s t a t i s t i c a l  weights, the gi’s,  is ,  however, 

- not analogous t o  the  (2s + 1) (2L + 1) factor appropriate t o  

atoms. The reason for t h i s  is t h a t  o rb i t a l  angular mmentum 

of multi-atomic molecules i s  primarily a rotat ional  phenomenon. 

The correct electronic s t a t i s t i c a l  weight of a molecular term is  
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where (2s + 1) is the  normal spin mult ipl ic i ty ,  6 represents 

the  Dirac de l t a  function, and A i s  the quantum number of the 

angular momentum of the  electrons about the internuclear axis 

(e-g. ,  A = 0 for  C terms, h = 1 for  I1 terms, etc,) .  This l a t t e r  

contribution t o  the  degeneracy is a manifestation of the  so- 

ca l led  A-doubling (see Herzberg, 1950). From a computational 

viewpoint there  is  no d i f f icu l ty  including higher terms, bu t  i n  

most prac t ica l  cases only the ground term contributes s ign i f i -  

can t ly  t o  the par t i t ion  function. Should a par t icular  molecule 

(MgO, for  instance) have extremely low-lying electronic levels  

t h a t  contribute t o  the sum i n  equation (24 ) ,  then the question 

of the  va l id i ty  of the  Born-Oppenheimer approximation must 

be examined. 

For atoms and t h e i r  ions there  are  no ro ta t iona l  and 

vibrat ional  degrees of freedom, and the in te rna l  par t i t ion  

function is the usual sum over a l l  e lectronic  energy levels: 

- E i/kT - - 1 ( 2 5 .  + 1) e [ atans 1 - - 
Qint  Qelec a l l  1 

l e v e l s  

Par t icu lar ly  i n  the shock t u b e ,  t h i s  sum w i l l  not be i n f i n i t e  

because of plasma ef fec ts  that  lower the  ionization potent ia l ,  

and there  is no d i f f i cu l ty  in the evaluation of equation (26). 

For prac t ica l  purposes D r a w i n  and Felenbok (1965) have computed 

elaborate tab les  of the internal  par t i t ion  function of atoms 
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and t h e i r  ions. 

I n  the Saha equation [the ionization counterpart of the 

chemical equilibrium re la t ion  (5)] the  par t i t ion  function of 

the f ree  electron enters :  t h i s  always takes the value 2 t o  

account for  the two possible spin orientations.  

In  a l l  the  foregoing developments w e  have referenced the  

arbitrary energy scale t o  t he  gro3~cd l eve l  of the atm. or  

molecule. 

(5) i s  tha t  the energy scales  of components A and B and t h e i r  

compound AB m u s t  be referenced t o  the same common energy. I f  

w e  a r b i t r a r i l y  set the zero energy a t  the ground level  of the 

separated components, then the ground s t a t e  of the compound is  

a t  -D the  dissociation energp  of the  molecule (or -I the  

ionization energy* of the  neut ra l ) ,  and t o  the energies i n  the  

pa r t i t i on  function (6) of the  compound there  must be added the 

appropriate constant. 

The most important point of the equilibrium re la t ion  

AB’ A’ 

Summarizing the foregoing, w e  obtain the following equation: 

where m i s  the m a s s  of the electron: A+ re fers  t o  the ion of e 

re fers  t o  t h e  in te rna l  par t i t ion  function Qin t  ,A 
species A: 

appropriate t o  species A (equations 1 2  - 26)’ etc.: and 

* Both IA and Dm may be subject t o  plasma ef fec ts  tha t  cause 

an effect ive lowering of the  theore t ica l  values. 
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t 

is  the ionization potent ia l  of 

is taken i n  the general sense and 

I A  
species A. H e r e  species A 

can be e i ther  a molecule or 

a s ing le  atom. Equation (27) is known as the Saha equation. 

we may also w r i t e  

-D@ 
* i n t , ~  *int ,B e n n  A B  = ( y y  - 

n *int ,AB AB 

AB 

Again, 

where p is  the reduced mass defined by equation (14) and D 

is the dissociation energy of the  A,  B y  A3 reaction. 

A and B themselves can be ei ther  molecules or s ingle  atoms. 

There ex i s t  three additional types of equations tha t  w i l l  

completely determine the equilibrium concentrations of the  

various species of the plasma. 

t ha t  

Charge neut ra l i ty  requires 

n =  I n  A+ 9 

A e 

where we  include a l l  appropriate atomic and molecular ions. 

Conservation of atomic nuclei requires that  
T- 

N = n  + n  a+ + L v A  (nA + n A+ I 
Y a  A a a 

where a, alone, re fers  to a single  atomic species (not a molecule) 

and N 

atoms, ions and molecules). The summation is over a l l  molecules 

is the  t o t a l  density of nuclei  of type a (occurring in  a 

and molecular ions tha t  contain atom a, with the coeff ic ient  

V the number of atoms u i n  molecule A. The necessary 
A , a  



normalization is given by the perfect gas l a w ,  following the 

basic assumption of equation (4): 
T - n + L ( n A + n  ) =  A kT , 

A+ 
A 

e 

where the summation is over a l l  molecules and atoms, and p 

and T are the measured pressure and temperature. Absolute 

values of the densit ies of atomic nuclei, N 

from equation (31) once the re la t ive  nuclear densities are 

given as part  of the problem specification. 

are then obtained a’ 

The foregoing set of equations, (27) through (31) , are 

suff ic ient  for problem solution. However, where ionization 

of diatomic and plyatomic molecules i s  considered, the problem 

is generally overdetermined because there are a t  l eas t  three 

energy-equivalent ways of forming molecular ions: 

1) A + B + A B ;  = - e - = +  , 

2) A - ~ * A + ;  A + + B + A B +  , 

3) B - ~ + B + :  A + B + - A B +  . 
A s  a convention, w e  must select one path; sequence (1) is usually 

the leas t  ambiguous. Similar  problems enter w i t h  polyatomic 

molecules tha t  can dissect themselves several different ways - 
Again, we m u s t  specify only one such possibil i ty.  

The solution of equations ( 2 7 )  through (31) is  one of 

i t e ra t ion ,  and one such method w i l l  be discussed in  Section 

I V ,  below. 
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111. T h e  Validity -- of LTE 

A f u l l  discussion of the va l id i ty  of the assumption of 

LTE is  beyond the scope of t h i s  report; t o  discuss t h i s  matter 

adequately here would subvert the purpose. I n  fac t ,  an adequate 

discussion would lead from a small report t o  a large t r ea t i s e .  

However, w e  w i l l  b r i e f ly  attempt t o  summarize the s i tua t ion ,  

The great  usefulness o f t h e  shock tube l ies in  the belief 

tha t  LTE holds, and there is considerable evidence supporting 

t h i s  assumption. The readily observed fac t  tha t  i n  a wide 

var ie ty  of cases there  ex is t s  a period (usually a few hundred 

bsec) during which a steady temperature and pressure can be 

measured cer ta in ly  indicates t ha t  a type of equilibrium exis t s .  

In  recent years a number of experiments have been performed 

which, for  the most par t ,  support the  assumption of LTE; the 

reader is referred t o  Greene and Toennies (1964) and Losev 

and Osipov (1961) for  a more complete discussion and excellent 

bibliographies. Par t icular  a t tent ion is  cal led t o  the recent 

work of Parkinson and Reeves (1964) and of Garton, Parkinson 

and Reeves (1965), which indicates LTE among the  bound and free 

electronic levels of C a  I and Ca 11. 

For a theore t ica l  discussion the reader is  referred t o  

the work of G r i m  (1964) and t o  the paper of Losev and Osipov 

(1961) . The former is part icular ly  enlightening and includes 
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a discussion of both steady s t a t e  and relaxation problems. It 

is  of in t e re s t  t o  note t h a t ,  while generally favorable, the 

theories  do not always predict LTE in  the shock tube. 

Finally,  we  must add a general warning: s i tuat ions may 

e x i s t  i n  which complete LTE does not obtain. Par t icular  d i f f i -  

c u l t i e s  can arise with powered so l ids ,  w i t h  f i r s t  ionization 

species, and with strongly bound molecules. The f i r s t  of these, 

powdered so l ids  , can suffer  severely from inhomogeneities and 

relaxation d i f f i cu l t i e s .  The second, ionized species, may not 

be in  equilibrium because o f '  relaxation problems with the 

ionization equilibrium. Lastly, molecules can const i tute  a 

very r e a l  equilibrium problem because many (par t icular ly  those 

with a high dissociation energy) are known t o  be very slow t o  

dissociate.  Greene and Toennies (1964) reproduce experimental 

r e s u l t s  t ha t  d i c t a t e  t h i s  conclusion and indicate tha t  many 

molecules w i l l  not have relaxed dissociatively a t  the lower 

temperatures and densi t ies  given i n  re la t ions (2) and (3 ) ;  

and molecules l i k e  N, and CO w i l l  prove t o  be problems a t  

even higher temperatures and densit ies.  

I V .  The Method of Solution 

Where equilibrium prevails, equations ( 2 7 )  through (31) 

const i tute  the problem t o  be solved. We w i l l  r e w r i t e  these 
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equations for  convenience. Equations (27) and (28) yield 

e n  

A 

A+ e = SA 
n 

n 

n On 

AB 
n 

A B = Km 

H e r e  again, A and B can refer  t o  e i the r  atams or molecules. 

T o  keep the problem properly defined w e  must have only one 

re la t ion  (32) fo r  each molecular ion A+, and only one re la t ion  

(33) for  each compound AB. Equations (29) through (31) can 

be rephrased with - 
A+ 

n = Z n  Y 

A 
e (34) 

where the  summation is over a l l  a t m s  and molecules, and 

w h e r e  a re fers  t o  atoms only. The par t icu lar  arrangement of 

t h i s  equation is discussed below. The solution i s  normalized 

by the  constraining equations 
r 

and 

N = R  z a a 
01 

2n + L nA= c . 
A 

e (37) 

The specification of v , C y  Ra, S and K defines the problem: 

the  small n ' s  const i tute  t h e  unknowns. 

A , a  A AB 
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These equations can be solved by a systematic i t e ra t ion  

procedure. A number of schemes w i l l  s u f f i c e ,  b u t  w e  have used 

one t h a t  i s  par t icu lar ly  suitable for  shock tube problems out- 

l ined by re la t ions  (2) and ( 3 ) .  Under these conditions most 

of the atomic nuclei present w i l l  usually appear as  f ree ,  neutral  

atoms ra ther  than as ions or molecular components, The pro- 

cedure, t k n ,  is t o  i t e r a t e  on the  n.;imber Sens i t ies  of the  free, 

neut ra l  atoms (n in  the  present notation).  The scheme is  as  

follows: 

a 

1) An i n i t i a l  guess i s  made fo r  n . Using equations (32) e 

for  atoms only 
n =(JiiT) e A A max 

is determined, 

atoms ex is t .  

where N as a f i r s t  guess, assumes only neutral  
A' 

F i r s t ,  with n 
c1- a 2) An i n i t i a l  guess is made for  each n 

a rb i t ra ry ,  a l l  equations (32) and (33) are investigated, and 

a label is  associated w i t h  n denoting whether t h i s  atom tends 

more toward ionization or dissociation. I f  it is  ionization- 

inclined, an i n i t i a l  guess is made for  n - a* 

01 

... 

I f  molecule-inclined, the i n i t i a l  guess is made as  

Y 
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n9 
where af3 is  the dominating molecule containing atom a, 

is i n i t i a l i z e d  

(35) should be 

are  made u n t i l  

3) Densi 

similarly.  The r igh t  hand s ides  of equations 

positive: if not, small adjustments i n  the n 

t h i s  i s  so. 

a 

.ies of ions and molecules are  computed accord 

t o  equations (32) and (33) , and a new t r i a l  electron density 

computed according to (34). 

4) and n a(min) ’ the  m a x i m u m  and m i n i m u m  values 

Ln9 

is 

fo r  the atom densi t ies  are originally set a t  N and n a a ’  
respectively. 

5) The i t e r a t ion  proceeds on the r igh t  hand s ide of equation 

(35) , as  constrained by equations (36) and (37) , As improved 

values of the n are  calculated, the n and n are  
U a ( m a d  a (min) 

brought closer together unt i l  specified accuracy c r i t e r i a  are 

m e t ,  N e w  t r i a l  values of n a re  calculated i n  the procedure by 

taking geometric means of the  extreme values,* N u m b e r  densi t ies  

of ions and molecules are calculated as  by-products. Electron 

densi t ies  from equations (32) and (34) are successively improved 

by taking geanetric means. 

U 

This i t e r a t ion  scheme has been found t o  work w e l l  fo r  a 

large number of shock tube problems. One percent accuracies 

are often obtained in  three or  four i terat ions:  one-tenth 

* This procedure was suggested by G. Newsom. 
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percent accuracies i n  s i x  or seven i te ra t ions ,  However, the 

scheme w i l l  not converge d i rec t ly  for  problems with a high degree 

of ionization (some S large) or for  problems with considerable 

molecular formation (some K small), and as the i te ra t ion  pro- 

ceeds, checks on the convergence m u s t  be made, with the limits 

n or  n adjusted appropriately, I f  the  problem is 

such tha t  t h i s  indirect  path t o  convergence is necessary, it 

A 

AB 

a (min) a (max) 

can take ten and twenty i te ra t ions  t o  converge t o  one percent 

and one-tenth percent accuracy, respectively, for stubborn 

many-component problems. Thus, for  unusually cool or  unusually 

hot plasmas the i te ra t ion  i s  less ef f ic ien t ,  and similar s ta te -  

ments apply t o  unusually dense or  ra re  plasmas. However, while 

the efficiency w i l l  be somewhat poor, t h i s  scheme can be used 

successfully w i t h  most any laboratory or  astrophysical plasma. 

For example, s t e l l a r  atmosphere equilibrium can eas i ly  be treated,  

w i t h  cer ta in  limits placed on the number of possible reacting 

components, For extensive problems of t h i s  type it i s  usually 

advantageous t o  use more elaborate schemes such as the Newton- 

Raphson method ( s e e  Dolan, 1965)- 

v. summary 

We have presented the equations t o  be solved in  the deter- 

mination of the  number densit ies of atoms, electrons,  ions and 
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molecules i n  a shock tube, and a method of solution. The 

brief discussion given here emphasizes the  appl icabi l i ty  of 

the equilibrium physics described by these equations i n  a wide 

var ie ty  of problems, yet points t o  possible deviations from 

equilibrium--particularly with dissociating molecules. 

Finally,  the  physics and mathematics discussed i n  t h i s  

report  have been programmed in  FORTRAN II for  solution on an 

IBM 7094 computer. 

of the source deck w i t h  a set of operating instructions can 

be obtained from t h i s  laboratory. 

of calculating the in te rna l  par t i t ion  functions as discussed 

i n  t h i s  report ,  or  of interpolating these from tables. The 

only res t r ic t ion  limiting i t s  immediate use by others is tha t  

the FORTRAN includes some half-dozen non-standard features 

found on the Smithsonian Astrophysical Observatory FORTRAN 

Monitor S ys t e m  . 

The program is  known as MCIT4, and a copy 

The program has the option 

This work has been supported i n  par t  by NASA (Grant NsG-438) 

and by the  Office of Naval Research (Contract NONr-1866 (48) ) .  



References 

Born, M. and Oppenheimer, J. R. 1927, Ann. d. Phys. 84, 457. 

Dolan, J. F. 1965, Ap. J. 142, 1621. 

Drawin, H. W. and Felenbok, P. 1965, Data for Plasmas in Local 

Thermodynamic Equilibrium, Gauthier-Villars, Paris . . 
Fowler ,  R. H. and Guggenheb, E. A. 1952, S t a t i s t i c a l  

Thermodynamics, University Press, Cambridge. 

Garton, W. R. S. ,  Parkinson, W. H. and Reeves, E. M. 1965, 

Harvard College Observatory Shock Tube Spectro- 

scopy Laboratory Sc ien t i f ic  Report #8.  

Gaydon, A. G. and Hurle,  I. R. 1963, The Shock Tube i n  Hiqh 

Temperature Chemical Physics , Chapman and 

H a l l ,  London. 

Greene, E. F. and Toennies, J. P. 1964, Chemical Reactions in 
Shock Waves, Academic Press, New York. 

G r i e m ,  H. R. 1964, Plasma Spectroscopy, M c G r a w - H i l l ,  New York. 

Herzberg, G.  1945, Infrared Raman Spectra, D. van Nostrand, 

Princeton . 
1950, Spectra of D i a t o m i c  Molecules, D. van Nostrand, 

Princeton. 

Losev, S. A. and Osipov, A. I. 1961, Soviet Physics, U s p e k h i ,  

- 4, 525. 

Mayer, J. E. and Mayer, M. G. 1940, S t a t i s t i c a l  Mechanics, 

John Wiley  and Sons, New York. 



. 
Morse, P.  M. 1964, Thermal Physics, Benjamin, Inc. ,  New York, 

Parkinson, W .  H .  and Reeves, E .  M.  1964, Proc. Roy. SOC. London 

A 282, 265. -- 

Pauling, L.  and Wilson, E .  B . ,  Jr.  1935, Introduction to 
guantum Mechanics, McGraw-Hill, Xew York. 



Appendix 

The Validity of the Uncoupled Approximations 

I n  the evaluation of internal  par t i t ion  functions of 

diatomic and polyatomic molecules in  Section 11, w e  have 

simplified the  calculation by uncoupling the various modes 

from each other (cf. equations 11 and 12) .  As stated,  t h i s  

approximation ge ts  worse a t  high temperatures. H e r e  w e  

b r ie f ly  examine t h i s  e f fec t .  

W e  w i l l  assume the Born-Oppenheimer approximatiom holds, 

o r ,  equivalently, tha t  any important excited electronic  s t a t e s  

have ro ta t iona l  or vibrational constants and electronic degen- 

eracies  ident ica l  t o  those of the  ground electron state-- 

generally a reasonable assumption. The problem is essent ia l ly  

tha t  of analyzing the  ex ten t  t o  which the harmonic osc i l la tor  

approximates the  anharmonic (Morse) oscil lator.* For prac t ica l  

reasons w e  must restrict t h i s  discussion t o  diatomic molecules. 

W e  examine three common molecules having rather different  

molecular constants: H a ,  OH and CO. The behavior of these is 

indicative of the  behavior of other molecules, although cer ta in  

cases deserve special  attention. With the  molecular constants 

in  Herzberg (1950) , the  coupled and uncoupled calculations have 

* It can be shown tha t  any ef fec ts  due t o  non-rigid rotat ion 

are en t i re ly  negligible. 



been carr ied out and are  displayed i n  Table 1. 

i l l u s t r a t e  tha t  for  the lower temperatures and the heavier 

molecules the harmonic osc i l la tor  approximation is  generally 

The comparisons 

adequate for  the calculation of the par t i t ion  functions. 

ever, for  l igh ter  molecules (par t icular ly  Ha) and for higher 

temperatures, the  approximations deteriorate.  Whether or  not 

one uses  the harmonic approximation depends on a number of 

prac t ica l  questions, since such a calculation is  a simple one 

and the anharmonic one is  a sum of several exponentials.* 

Attempts t o  calculate  the par t i t ion  function more accurately 

than t h i s  l a t t e r  approximation usually encounter d i f f i cu l t i e s  

because of inadequacies in  theory as w e l l  as i n  experimentally 

determined molecular data. 

How- 

* For a few of the most common diatomic molecules such cal-  

culations have been made by J. B. Tatum, t o  be published short ly  

i n  Volume 12 of the Pub. Dom. Ap. Obs. (1966). 
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29.5 

31.0 

Qhannonic 
H2 

40.8 

43.8 QMorse 

OH %annonic 

QMorse 

Qharmonic 

QMorse 

co 

TABLE 1 

4000 OK 5000°K 6000 OK 

203 

2 14 

285 

305 

2667 

2734 

3891 

4018 

53.9 

59.5 

381 

4 18 

5345 

5564 

The rotational-vibrational partition function of Ha, OH 
and CO. The harmonic oscillator approximation is given by 

kT 
=F %armonic OB .hc 

The anharmonic oscillator approximation is given by 

Notation and molecular constants are taken from Herzberg (1950). 
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